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Abstract
We present a complete calculation of the Kℓ3 decays K
+ → π0ℓ+νℓ and K0 → π−ℓ+νℓ to O(p4, (md −mu)p2, e2p2)
in chiral perturbation theory with virtual photons and leptons. We introduce the concept of generalized form factors
and kinematical densities in the presence of electromagnetism, and propose a possible treatment of the real photon
emission in K+ℓ3 decays. We illustrate our results by applying them to the extraction of the Kobayashi–Maskawa matrix
element |Vus| from the experimental K+e3 decay parameters.
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- 12.15.Hh Determination of Kobayashi–Maskawa matrix elements - 12.39.Fe Chiral Lagrangians
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21 Introduction
Semileptonic kaon decays have played a central role in
our understanding of flavour physics. In particular, the
Ke3 decay mode is often presented as the most accurate
and theoretically cleanest source for the extraction of the
Kobayashi–Maskawa matrix element |Vus| [1]. However,
as new high precision experiments are planned and the
theoretical tool of effective field theory has been pushed to
higher orders, an update of the theoretical analysis of such
decays is needed. In particular, it is interesting to improve
as much as possible the theoretical analysis underlying the
extraction of |Vus|. This is presently based on the following
ingredients: a calculation of the hadronic form factors [2]
at order p4 in chiral perturbation theory (CHPT) [3,4],
supplemented by a model-dependent estimate of the order
p6 effects [5]. As for the radiative corrections, the model
independent short distance leading logarithms [6,7] have
been included, together with a model dependent estimate
of the long distance contributions [8,9,10,11].
It is the purpose of this paper to work out the radiative
corrections to the Kℓ3 decays (ℓ = e, µ) within the frame-
work of CHPT, the effective theory of the standard model
at low energy. The appropriate formalism for including vir-
tual photons in purely mesonic low-energy processes has
been presented in [12,13,14]. This scheme was then ex-
tended for the treatment of semileptonic interactions by
the additional inclusion of virtual leptons [15]. The goal
of our analysis is to obtain the size of such corrections
and quantify the theoretical uncertainty to be assigned
to them. This will allow us to understand how well one
can know |Vus| once new high statistics experiments col-
lect data and the full order p6 CHPT analysis becomes
available [16].
The outline of the paper is as follows. In Sect. 2 we
recapitulate CHPT in the presence of virtual photons and
leptons. The basic Kℓ3 phenomenology in the absence of
electromagnetism is reviewed in Sect. 3. The structure of
the radiative corrections toKℓ3 decays is discussed in Sect.
4. The Kℓ3 amplitudes to O(p4) and O(e2p2) are calcu-
lated in Sect. 5. In Sect. 6 we propose a specific treatment
of the real photon emission in the K+ℓ3 case. In Sect. 7
we illustrate our general considerations by a numerical
study of the K+e3 decay and the description of a procedure
to extract the Kobayashi–Maskawa matrix element |Vus|
from experimental data. Our conclusions are summarized
in Sect. 8. Appendix A contains a summary of integrals
appearing in various mesonic one-loop amplitudes and Ap-
pendix B collects several photonic loop functions. In Ap-
pendix C we report a set of coefficients appearing in the
next-to-leading order expansion of the form factors.
2 The standard model at low energies
The appropriate theoretical framework for the analysis of
electromagnetic effects in semileptonic kaon decays is a
low-energy effective quantum field theory where the asymp-
totic states consist of the pseudoscalar octet, the photon
and the light leptons [15]. The corresponding lowest-order
effective Lagrangian is given by
Leff = F
2
0
4
〈uµuµ + χ+〉+ e2F 40Z〈QemL QemR 〉 −
1
4
FµνF
µν
+
∑
ℓ
[ℓ¯(i 6∂ + e 6A−mℓ)ℓ+ νℓL i 6∂νℓL]. (2.1)
The symbol 〈 〉 denotes the trace in three-dimensional
flavour space, and
uµ = i[u
†(∂µ − irµ)u− u(∂µ − ilµ)u†]. (2.2)
The photon field Aµ and the leptons ℓ, νℓ (ℓ = e, µ) are
contained in (2.2) by adding appropriate terms to the
usual external vector and axial-vector sources vµ, aµ:
lµ = vµ − aµ − eQemL Aµ +
∑
ℓ
(ℓ¯γµνℓLQ
w
L + νℓLγµℓQ
w†
L ),
rµ = vµ + aµ − eQemR Aµ. (2.3)
The 3 × 3 matrices QemL,R, QwL are spurion fields. At the
end, one identifies QemL,R with the quark charge matrix
Qem =
 2/3 0 00 −1/3 0
0 0 −1/3
 , (2.4)
whereas the weak spurion is taken at
QwL = −2
√
2 GF
 0 Vud Vus0 0 0
0 0 0
 , (2.5)
where GF is the Fermi coupling constant and Vud, Vus are
Kobayashi–Maskawa matrix elements. For the construc-
tion of the effective Lagrangian it is also convenient to
define
Qem,wL := uQem,wL u†, QemR := u†QemR u. (2.6)
F0 denotes the pion decay constant in the chiral limit and
in the absence of electroweak interactions. Explicit chiral
symmetry breaking is included in χ+ = u
†χu† + uχ†u
where χ is proportional to the quark mass matrix:
χ = 2B0
mu 0 00 md 0
0 0 ms
 . (2.7)
The factorB0 is related to the quark condensate in the chi-
ral limit by 〈0|qq|0〉 = −F 20B0. This leads to the (lowest-
order) expressions for the pseudoscalar masses
M2π± = 2B0m̂+ 2e
2ZF 20 ,
M2π0 = 2B0m̂,
M2K± = B0
[
(ms + m̂)− 2ε
(2)
√
3
(ms − m̂)
]
+ 2e2ZF 20 ,
M2(−)
K 0
= B0
[
(ms + m̂) +
2ε(2)√
3
(ms − m̂)
]
,
M2η =
4
3
B0
(
ms +
m̂
2
)
. (2.8)
3The tree-level mixing angle ε(2) is given by
ε(2) =
√
3
4
md −mu
ms − m̂ , (2.9)
the symbol m̂ stands for the mean value of the light quark
masses,
m̂ =
1
2
(mu +md). (2.10)
For later use, we also denote the isospin limits (mu = md,
e = 0) of the pion mass and the kaon mass, respectively,
by
M2π = 2B0m̂, M
2
K = B0(ms + m̂). (2.11)
Using (2.8), the numerical value of the coupling constant
Z ≃ 0.8 can be determined from the mass difference of
the charged pions.
In our calculation we include terms in the low-energy
expansion up to order p4, (mu −md)p2 and e2p2.
The most general local action at next-to-leading order
can be written as the sum of four terms, Lp4 + Le2p2 +
Llept + Lγ . The first one, Lp4 is the well-known Gasser-
Leutwyler Lagrangian [4] in the presence of the generalized
external sources introduced in (2.3):
Lp4 = L1 〈uµuµ〉2 + L2 〈uµuν〉 〈uµuν〉
+ L3 〈uµuµuνuν〉+ L4 〈uµuµ〉 〈χ+〉
+ L5 〈uµuµχ+〉+ L6 〈χ+〉2 + L7 〈χ−〉2
+
1
4
(2L8 + L12)〈χ2+〉+
1
4
(2L8 − L12)〈χ2−〉
− iL9 〈fµν+ uµuν〉+
1
4
(L10 + 2L11)〈f+µνfµν+ 〉
− 1
4
(L10 − 2L11)〈f−µνfµν− 〉, (2.12)
with
fµν± = uF
µν
L u
† ± u†FµνR u,
FµνL = ∂
µlν − ∂ν lµ − i[lµ, lν ],
FµνR = ∂
µrν − ∂νrµ − i[rµ, rν ]. (2.13)
The second term, Le2p2 , denotes the interaction of dynam-
ical photons with hadronic degrees of freedom [12,13,14].
Its expression is:
Le2p2 = e2F 20
{
1
2
K1 〈(QemL )2 + (QemR )2〉 〈uµuµ〉
+K2 〈QemL QemR 〉 〈uµuµ〉
−K3 [〈QemL uµ〉 〈QemL uµ〉+ 〈QemR uµ〉 〈QemR uµ〉]
+K4 〈QemL uµ〉 〈QemR uµ〉
+K5 〈[(QemL )2 + (QemR )2]uµuµ〉
+K6 〈(QemL QemR +QemR QemL )uµuµ〉
+
1
2
K7 〈(QemL )2 + (QemR )2〉 〈χ+〉
+K8 〈QemL QemR 〉 〈χ+〉
+K9 〈[(QemL )2 + (QemR )2]χ+〉
+K10 〈(QemL QemR +QemR QemL )χ+〉
−K11 〈(QemL QemR −QemR QemL )χ−〉
− iK12 〈[(∇̂µQemL )QemL −QemL ∇̂µQemL
− (∇̂µQemR )QemR +QemR ∇̂µQemR ]uµ〉
+K13 〈(∇̂µQemL )(∇̂µQemR )〉
+K14 〈(∇̂µQemL )(∇̂µQemL )
+ (∇̂µQemR )(∇̂µQemR )〉
}
, (2.14)
where
∇̂µQemL = ∇µQemL +
i
2
[uµ,QemL ]
= uDµQ
em
L u
†,
∇̂µQemR = ∇µQemR −
i
2
[uµ,QemR ]
= u†DµQemR u, (2.15)
with
DµQ
em
L = ∂µQ
em
L − i[lµ, QemL ],
DµQ
em
R = ∂µQ
em
R − i[rµ, QemR ]. (2.16)
The presence of virtual leptons requires also the addition
of the “leptonic” term [15]
Llept = e2
∑
ℓ
{
F0
2
[
X1ℓγµνℓL〈uµ{QemR ,QwL}〉
+X2ℓγµνℓL〈uµ[QemR ,QwL ]〉
+X3mℓℓνℓL〈QwLQemR 〉
+ iX4ℓγµνℓL〈QwL ∇̂µQemL 〉
+ iX5ℓγµνℓL〈QwL ∇̂µQemR 〉+ h.c.
]
+X6ℓ¯(i 6∂ + e 6A)ℓ
+X7mℓℓℓ
}
. (2.17)
In Llept we consider only terms quadratic in the lepton
fields and at most linear in GF. Finally, also a photon
Lagrangian
Lγ = e2X8FµνFµν , Fµν = ∂µAν − ∂νAµ, (2.18)
has to be added [15].
The low-energy couplings Li, Ki, Xi arising here are
divergent (except L3, L7, K7, K13, K14 and X1). They
absorb the poles of the one-loop graphs via the renormal-
ization
Li = L
r
i (µ) + ΓiΛ(µ), i = 1, . . . , 12,
Ki = K
r
i (µ) +ΣiΛ(µ), i = 1, . . . , 14,
Xi = X
r
i (µ) + ΞiΛ(µ), i = 1, . . . , 8, (2.19)
with
Λ(µ) =
µd−4
(4π)2
{
1
d− 4 −
1
2
[ln(4π) + Γ ′(1) + 1]
}
(2.20)
4in the dimensional regularization scheme. The coefficients
Γi and Σi can be found in [4] and in [12], respectively.
Their values are not modified by the presence of virtual
leptons as long as contributions of O(G2F) are neglected.
The “leptonic” coefficientsΞi have been determined rather
recently in [15] by using super-heat-kernel techniques [17].
In order to match our low-energy effective theory to
the standard model of strong and electroweak interactions,
we have to specify the precise physical meaning of the
parameter GF. In the presence of electromagnetism, this
identification is somewhat ambiguous. The shift
GF → GF(1 + e2δ) (2.21)
induces the change (see Eq. (4.8) of [15])
F 20
4
〈uµuµ〉 → F
2
0
4
〈uµuµ〉 − 2e2δ
∑
ℓ
ℓ¯(i 6∂ + e 6A−mℓ)ℓ,
(2.22)
corresponding to
X6 → X6 − 2δ, X7 → X7 + 2δ. (2.23)
In other words, some part of the electromagnetic contri-
butions may always be shuffled from X6 to GF or vice
versa. (The coupling constant X7 does not appear in ob-
servable quantities as it is always absorbed by the mass
renormalization of the charged leptons.)
Following [15], we identify GF with the muon decay
constant. To order α, GF can be related to the measured
muon decay width by [18]
Γ (µ→ all) = G
2
Fm
5
µ
192π3
f
(
m2e
m2µ
)[
1+
α
2π
(25
4
−π2
)
+O(α2)
]
,
(2.24)
with f(x) = 1−8x−12x2 lnx+8x3−x4. With this choice
of GF, the (universal) short-distance electromagnetic cor-
rection [6,7] of semileptonic charged current amplitudes
is fully contained in the coupling constant X6. To display
this dependence explicitly, we pull out the short-distance
part XSD6 by the decomposition
Xr6 (µ) = X
SD
6 + X˜
r
6 (µ), (2.25)
where
e2XSD6 = −
e2
4π2
log
M2Z
M2ρ
= 1− SEW(Mρ,MZ), (2.26)
which defines [7] also the short-distance enhancement fac-
tor SEW(Mρ,MZ) (to leading order). With this splitting
of X6, we expect its “long-distance part” X˜
r
6 (Mρ) having
the typical size of a low-energy constant in CHPT.
3 Basic Kℓ3 phenomenology
In this section we report the basic formulae of Kℓ3 phe-
nomenology in the absence of radiative corrections 1.
1 In the present section MK and Mpi stand for the physical
masses of the corresponding mesons involved in the process.
3.1 Invariant amplitude
We shall consider the generic Kℓ3 process
K(pK)→ π(pπ) ℓ+(pℓ) νℓ(pν). (3.1)
The invariant amplitude reads
M = GF√
2
V ∗us l
µC
×
[
fKπ+ (t) (pK + pπ)µ + f
Kπ
− (t) (pK − pπ)µ
]
, (3.2)
where
lµ = u¯(pν) γ
µ (1− γ5) v(pℓ) , C =
{
1 for K0ℓ3
1√
2
for K+ℓ3
.
The expression in parentheses corresponds to the matrix
element 〈π(pπ)|V 4−i5µ |K(pK)〉, expressed in terms of the
form factors fKπ± (t). The hadronic form factors depend on
the single variable t = (pK − pπ)2.
3.2 Dalitz Plot density
It is customary to analyze the spin-averaged decay dis-
tribution ρ(y, z) for Kℓ3. It depends on two variables, for
which we choose:
z =
2pπ · pK
M2K
=
2Eπ
MK
, y =
2pK · pℓ
M2K
=
2Eℓ
MK
, (3.3)
where Eπ (Eℓ) is the pion (charged lepton) energy in the
kaon rest frame, and MK indicates the mass of the de-
caying kaon. Alternatively one may also use two of the
Lorentz invariants
t = (pK − pπ)2, u = (pK − pℓ)2, s = (pπ + pℓ)2. (3.4)
Then the distribution (without radiative corrections) reads
ρ(0)(y, z) = N
[
A
(0)
1 |fKπ+ (t)|2 +A(0)2 fKπ+ (t)fKπ− (t)
+A
(0)
3 |fKπ− (t)|2
]
, (3.5)
with
N = C2G
2
F |Vus|2M5K
128π3
, Γ =
∫
D
dy dz ρ(0)(y, z). (3.6)
Moreover, defining
rℓ =
m2ℓ
M2K
, rπ =
M2π
M2K
, (3.7)
the kinematical densities are:
A
(0)
1 (y, z) = 4(z + y − 1)(1− y) + rℓ(4y + 3z − 3)
− 4rπ + rℓ(rπ − rℓ),
A
(0)
2 (y, z) = 2rℓ(3− 2y − z + rℓ − rπ),
A
(0)
3 (y, z) = rℓ(1 + rπ − z − rℓ). (3.8)
5In the analysis of Ke3 decays, the terms proportional to
A
(0)
2,3 can be neglected, being proportional to re ≃ 10−6.
The physical domain D is defined by
2
√
rℓ ≤ y ≤ 1 + rℓ − rπ ,
a(y)− b(y) ≤ z ≤ a(y) + b(y), (3.9)
where
a(y) =
(2− y) (1 + rℓ + rπ − y)
2(1 + rℓ − y) ,
b(y) =
√
y2 − 4rℓ (1 + rℓ − rπ − y)
2(1 + rℓ − y) , (3.10)
or, equivalently,
2
√
rπ ≤ z ≤ 1 + rπ − rℓ,
c(z)− d(z) ≤ y ≤ c(z) + d(z), (3.11)
where
c(z) =
(2 − z) (1 + rπ + rℓ − z)
2(1 + rπ − z) ,
d(z) =
√
z2 − 4rπ (1 + rπ − rℓ − z)
2(1 + rπ − z) . (3.12)
4 Structure of radiative corrections to Kℓ3
decays
In decays involving charged particles, the observable quan-
tity always involves an inclusive sum over the parent mode
and final states with additional photons. Therefore, when
considering radiative corrections one must include the ef-
fect of real photon radiation as well as virtual electromag-
netic corrections. Moreover, from a theoretical point of
view, only such an inclusive sum is free of infrared (IR)
divergences order by order in α. In the present section we
give an overview on the analysis of Kℓ3 decays with in-
clusion of radiative corrections. We show how electromag-
netic corrections can be accounted for by using generalized
form factors and kinematical densities, whose specific form
we describe in detail in the following sections.
The virtual corrections will in general produce a shift
in the invariant amplitude M→M+∆M. On the other
hand, the radiation of real photons (governed by an am-
plitudeMγ) will produce a shift to the decay distribution
and rate.
The virtual electromagnetic corrections do not alter
the structure of the invariant amplitude (3.2) in terms of
the form factors f±(t), but change the form factors them-
selves. We denote by F±(t, v) the full form factors includ-
ing virtual electromagnetic corrections. Note that such ob-
jects now depend also on a second kinematical variable
(this is because F± cannot be interpreted anymore as ma-
trix elements of a quark current between hadronic states).
The variable v is taken as u = (pK − pℓ)2 for K+ℓ3 and
s = (pπ + pℓ)
2 for K0ℓ3. We observe here that F± contain
infrared singularities, due to low-momentum virtual pho-
tons: we regularize them by introducing a small photon
massMγ . Summarizing, the effect of virtual corrections is
to change the invariant amplitude (3.2) as follows:
M [f (0)+ (t), f (0)− (t)]→M [F+(t, v), F−(t, v)]. (4.1)
Moreover, it is convenient to factor out of F± the long dis-
tance component Γc(v,m
2
ℓ ,M
2;Mγ) of loop amplitudes,
which generates infrared and Coulomb singularities, as fol-
lows:
F±(t, v) =
[
1 +
α
4π
Γc(v,m
2
ℓ ,M
2;Mγ)
]
f±(t, v). (4.2)
Γc depends on the massmℓ of the charged lepton, the mass
M of the charged meson, the variable v and has a logarith-
mic dependence with respect to the infrared regulatorMγ .
The definition of Γc is not unique (due to possible shifts
in the infrared finite parts), and we give our deifinition in
(5.1). Once one specifies the form of Γc, (4.2) serves also
as a definition of the structure-dependent effective form
factors f±(t, v). In the next section we shall present the
calculation of f± at next to leading order in CHPT.
Let us now comment on the radiative amplitude Mγ ,
and how it affects the decay distribution. In the intermedi-
ate stages of this work we shall use Low’s theorem [19] to
obtain the leading components ofMγ at small photon mo-
mentum. This is consistent with a full calculation at order
e2p2 in CHPT2. However, it allows us to be more general
in the derivation of the radiatively-corrected decay dis-
tribution, by including at intermediate steps some higher
order terms in the chiral counting. We restore the correct
chiral counting by inserting in the final expression for the
decay rate the form factors as calculated at O(p4, e2p2) in
CHPT. Let us now sketch the analysis. The radiative am-
plitude can be expanded in powers of the photon energy
Eγ ,
Mγ =Mγ(−1) +Mγ(0) + · · · , (4.3)
where
Mγ(n) ∼ Enγ . (4.4)
Gauge invariance relates Mγ(−1) and Mγ(0) to the non-
radiative amplitude M, and thus to the full form factors
F±(t, v). Upon taking the square modulus and summing
over spins, the radiative amplitude generates a correction
ργ(y, z) to the Dalitz plot density of (3.5). The observable
distribution is now the sum
ρ(y, z) = ρ(0)(y, z) + ργ(y, z). (4.5)
Both terms on the right hand side of this equation depend
on the full form factors F± and contain infrared diver-
gences (from virtual or real soft photons). Upon combin-
ing them, the observable density can be written in terms
of new kinematical densities Ai and the effective form fac-
tors f±(t, v) defined in (4.2),
ρ(y, z) = N SEW(Mρ,MZ) (4.6)
×
[
A1|f+(t, v)|2 +A2f+(t, v)f−(t, v) +A3|f−(t, v)|2
]
,
2 At this order CHPT reproduces the results of Low’s theo-
rem, with f+(t) = 1 and f−(t) = 0.
6where we have pulled out the short-distance enhancement
factor SEW discussed in Sect. 2. To first order in α, the
kinematical densities are given by
Ai(y, z) = A
(0)
i (y, z)
[
1 +∆IR(y, z)
]
+ ∆IBi (y, z). (4.7)
The function ∆IR(y, z) arises by combining the contribu-
tions from |Mγ(−1)|2 and Γc(v,m2ℓ ,M2;Mγ). Although the
individual contributions contain infrared divergences, the
sum is finite. The factors ∆IBi (y, z) originate from averag-
ing the remaining terms of |Mγ |2 [see (4.3)] and are IR
finite. Note that both ∆IR(y, z) and ∆IBi (y, z) are sensi-
tive to the treatment of the real photon emission. Details
on these corrections are given in Sect. 6.
Let us finally note that, in principle, the radiative ampli-
tude generates new terms in the density, proportional to
derivatives of form factors. These terms would only arise
at order e2p4 and higher in CHPT, and therefore we have
suppressed them in (4.6).
Summarizing, the resulting Dalitz density is formally
identical to the unperturbed one, but now one has
f
(0)
± (t) → f±(t, v),
A
(0)
i (y, z)→ Ai(y, z). (4.8)
We want to stress here that although the structure de-
pendent electromagnetic effects in f±(t, v) are due to the
interplay between QCD dynamics and QED, the correc-
tions of order α included in the densities Ai(y, z) are
universal in the sense that they are fixed by gauge in-
variance and kinematics. However they do depend on the
choice of the experimental cuts to the photon spectrum
and they exhibit a certain ambiguity due to possible dif-
ferent definitions of the function Γc(v,m
2
ℓ ,M
2;Mγ) intro-
duced in (4.2) (we adopt the form given in (5.1) below).
We suggest that these modified densities be used in the
data analysis. This does not introduce any model depen-
dence, and takes care of very long distance electromagnetic
corrections. Such an experimental analysis of the Dalitz
plot density could then provide valuable information on
f±(t, v), to be confronted with theoretical calculations of
pure QCD and QCD+QED effects.
5Kℓ3 amplitudes at order p
4 and e2p2 in
CHPT
In this section we analyze the form factors relevant for
Kℓ3 decays in the framework of CHPT, including elec-
tromagnetic corrections at order e2p2. As for the non-
electromagnetic part, we shall give the results at order p4
in standard CHPT, including the effect of strong isospin
breaking (mu 6= md). In principle, the order p6 corrections
can be easily included in our formalism, in order to make
a more accurate phenomenological analysis.
In Sect. 4 we have introduced the effective form factors
f±(t, v), from which the long distance virtual photon ef-
fects have been removed [see (4.2)]. We also stressed that
in order to give a meaningful definition of such objects one
has to specify the function Γc(v,m
2
ℓ ,M
2;Mγ), arising in
perturbation theory from photonic loop contributions to
the form factor F+(t, v):
Γc(v,m
2
ℓ ,M
2;Mγ) =
2M2Y C(v,m2ℓ ,M2) + 2 log
Mmℓ
M2γ
(
1 +
XY logX√
R(1−X2)
)
.
(5.1)
In Appendix B we define the auxiliary variables X , R, Y ,
as well as the function C(v,m2ℓ ,M2). Γc encodes the lead-
ing Coulomb interaction between the charged particles in-
volved in the decay (K+ and ℓ+ for K+ℓ3, π
− and ℓ+ for
K0ℓ3). It is IR divergent and singular when the two charged
particles are relatively at rest. In the case of K+ decays,
this singularity is outside the physical region, while it oc-
curs on its boundary for the K0 decay, implying a larger
overall effect. It is convenient to write the form factors in a
form suitable for a resummation of (potentially large) IR
and Coulomb effects. At the same time we want this rep-
resentation to reproduce the correct CHPT result at order
e2p2. We achieve this by writing the full form factors as
follows, in terms of the effective form factors:
F±(t, v) =
[
1 +
α
4π
Γc(v,m
2
ℓ ,M
2;Mγ)
]
f±(t, v) ,
f±(t, v) = f˜±(t) + fEM-loc± + f
EM-loop
± (v) . (5.2)
Let us now comment on each term appearing in (5.2):
– f˜±(t) represent the pure QCD contributions to the
form factors (in principle at any order in the chiral ex-
pansion), plus the electromagnetic contributions up to
order e2p2 generated by the non-derivative Lagrangian
defined in (2.1) (proportional to Z). Diagrammatically
they arise from purely mesonic graphs. In the defini-
tion of f˜K
+π0
+ (t), we have included also the electromag-
netic counterterms relevant to π0–η mixing [see (5.4)
and (5.5) below].
– fEM-loc± represent the local effects of virtual photon
exchange.
– f
EM-loop
± (v) represent the non-local photonic loop con-
tribution (once the Coulomb term has been removed).
We have checked that in all relevant cases f
EM-loop
± (v)
are smooth functions of the variable v in the physical
region, allowing one to perform a linear expansion in
the Dalitz variables y, z.
Each term in the above decomposition is scale-independent.
We now give the full expressions for the form factor comp-
ponents, in terms of loop functions defined in Appendix A.
75.1 The form factors fK
+
π
0
±
(t, u)
For fK
+π0
± the mesonic contribution is given by:
f˜+(t) = 1 +
√
3
(
ε(2) + ε
(4)
S + ε
(4)
EM
)
+
1
2
HK+π0(t) +
3
2
HK+η(t) +HK0π−(t)
+
√
3 ε(2)
[
5
2
HKπ(t) +
1
2
HKη(t)
]
. (5.3)
This expression is essentially the pure QCD form factor
at O(p4) [2], except for the inclusion of electromagnetic
contributions to the meson masses and for the additional
contribution ε
(4)
EM, due to π
0–η mixing at O(e2p2) [13].
The function HPQ(t) [2,4] is reported in Appendix A, and
the leading order π0–η mixing angle ε(2) has already been
given in (2.9). The remaining quantities in (5.3) are given
by
ε
(4)
S = −
2 ε(2)
3(4πF0)2(M2η −M2π)
×
{
(4π)2 64 [3L7 + L
r
8(µ)] (M
2
K −M2π)2
−M2η (M2K −M2π) log
M2η
µ2
+M2π(M
2
K − 3M2π) log
M2π
µ2
− 2M2K(M2K − 2M2π) log
M2K
µ2
− 2M2K(M2K −M2π)
}
,
(5.4)
and 3
ε
(4)
EM =
2
√
3αM2K
108 π (M2η −M2π)
×
{
2(4π)2
[
− 6Kr3(µ) + 3Kr4(µ) + 2Kr5(µ) + 2Kr6(µ)
]
− 9Z
(
log
M2K
µ2
+ 1
)}
. (5.5)
They are related to the one-loop off-diagonal element of
the squared mass matrix in the π0–η sector [13] by
ε
(4)
S + ε
(4)
EM = −
M2πˆ0ηˆ
(M2η −M2π)
. (5.6)
The analogous contribution for the f− form factor is given
by:
f˜−(t) =
4
F 20
(1 +
ε(2)√
3
)(M2K −M2π)
×
[
Lr5(µ) −
3
256π2
ln
M2K±
µ2
]
3 The last −1 in Eq. (5.21) of [13] should be replaced by +1;
the preceding formula (5.20) is correct.
− 1
128π2F 20
[
(3 +
√
3 ε(2))M2η ln
M2η
M2K±
+ 2(3−
√
3 ε(2))M2K0 ln
M2K0
M2K±
− 2(3−
√
3 ε(2))M2π± ln
M2π±
M2K±
+ (1 + 3
√
3 ε(2))M2π0 ln
M2π0
M2K±
]
+
∑
PQ
{[
aPQ(t) +
∆PQ
2t
bPQ(t)
]
KPQ(t)
+ bPQ(t)
F 20
t
HPQ
}
. (5.7)
The sum in the last line runs over meson pairs occurring
in loop diagrams. The functions KPQ(t) and HPQ(t) [4]
are reported in Appendix A, while the relevant coefficients
aPQ(t) and bPQ(t) are listed in Appendix C.
The local electromagnetic contributions are given by:
fEM-loc+ = 4πα
[
2Kr12(µ)−
8
3
X1 − 1
2
X˜r6 (µ)
− 1
32π2
(
3 + ln
m2ℓ
M2K±
+ 3 ln
M2K±
µ2
)]
, (5.8)
fEM-loc− = 8πα
[
2Kr3(µ)−Kr4(µ)−
1
3
(
Kr5(µ) +K
r
6(µ)
)
+ X1 −Xr2 (µ) +Xr3 (µ)
− 1
32π2
(
1− 2 ln m
2
ℓ
M2K±
− (3 + 5Z
2
) ln
M2K±
µ2
)]
.
(5.9)
Finally, the loop contributions are given by
f
EM-loop
± (u) =
α
4π
[
Γ1(u,m
2
ℓ ,M
2
K) ± Γ2(u,m2ℓ ,M2K)
]
,
(5.10)
with Γ1,2(v,m
2
ℓ ,M
2) given in Appendix B.
5.2 The form factors fK
0
π
−
±
(t, s)
In the case of fK
0π+
± , the mesonic loop contribution is
given by
f˜+(t) = 1 +
1
2
HK+π0(t) +
3
2
HK+η(t) +HK0π−(t)
+
√
3 ε(2) [HKπ(t)−HKη(t)] , (5.11)
and
f˜−(t) =
4
F 20
(1 +
2 ε(2)√
3
)(M2K −M2π)
×
[
Lr5(µ) −
3
256π2
ln
M2π±
µ2
]
8− 1
128π2F 20
[
(3 + 2
√
3 ε(2))M2η ln
M2η
M2π±
+ 2M2K0 ln
M2K0
M2π±
− (3 + 2
√
3 ε(2))M2π0 ln
M2π0
M2π±
]
+
∑
PQ
{[
cPQ(t) +
∆PQ
2t
dPQ(t)
]
KPQ(t)
+ dPQ(t)
F 20
t
HPQ
}
. (5.12)
As previously, the sum runs over meson pairs occurring
in loop diagrams. The coefficients cPQ(t) and dPQ(t), for
the relevant meson pairs, are reported in Appendix C.
The local electromagnetic terms are given by:
fEM-loc+ = 4πα
[
2Kr12(µ) +
4
3
X1 − 1
2
X˜r6 (µ)
− 1
32π2
(
3 + ln
m2ℓ
M2π±
+ 3 ln
M2π±
µ2
)]
, (5.13)
fEM-loc− = 8πα
[
− 1
3
(
Kr5 (µ) +K
r
6(µ)
)
+ X1 +X
r
2 (µ) −Xr3 (µ)
+
1
32π2
(
1− 2 ln m
2
ℓ
M2π±
− (3− Z
2
) ln
M2π±
µ2
)]
.
(5.14)
Finally, the loop contributions are:
f
EM-loop
± (s) =
α
4π
[
Γ2(s,m
2
ℓ ,M
2
π) ± Γ1(s,m2ℓ ,M2π)
]
.
(5.15)
5.3 The effective form factors for Ke3 decays
In the analysis of Ke3 decays (where only F+ is observ-
able), in order to avoid unnecessary complications we can
write
F+(t, v) =
f+(t)
{
1 +
α
4π
Γc(v,m
2
ℓ ,M
2;Mγ) + f
EM-loop
+ (v)
}
,
(5.16)
with
f+(t) = f˜+(t) + f
EM-loc
+ . (5.17)
Exploiting the ambiguity in the definition of the function
Γc, here we choose to shift a smooth function of v from the
form factor to Γc itself. The advantage is that the effective
form factor becomes a function of the single variable t.
This trick is not possible in the treatment of Kµ3 decays,
as the loop contributions f+(v) and f−(v) are different.
6 Corrections to kinematical densities
As an illustration of the general considerations of Sect.
4, we present here in detail a possible treatment of the
contribution of the real photon emission process
K+(pK)→ π0(pπ) ℓ+(pℓ) νℓ(pν) γ(pγ). (6.1)
Following the procedure proposed by Ginsberg [9], we de-
fine the kinematical variable
x = (pν + pγ)
2 = (pK − pπ − pℓ)2. (6.2)
A possible choice of the purely radiative part of the de-
cay distribution (corresponding to a specific analysis of
the experimental data) is to accept all pion and charged
lepton energies within the whole Ke3 Dalitz plot D and
all kinematically allowed values of the Lorentz invariant
x defined in (6.2). (The variable x determines the angle
between the pion and lepton momentum for given energies
Eπ, Eℓ.) This translates into:
ργ(y, z) =
MK
212π5
xmax∫
M2
γ
dx
× 1
2π
∫
d3pν
p0ν
d3pγ
p0γ
δ(4)(pK − pπ − pℓ − pν − pγ)
∑
pol
|Mγ |2,
(6.3)
with
xmax = M
2
K
{
1 + rπ + rℓ − y − z
+
1
2
[
yz +
√
(y2 − 4rℓ)(z2 − 4rπ)
]}
. (6.4)
In (6.3) we have extended the integration over the whole
range of the invariant mass of the unobserved νℓ γ system.
The integrals occurring in (6.3) have the general form [9]
Im,n(p1, p2;P,Mγ) :=
1
2π
∫
d3q
q0
d3k
k0
δ(4)(P − q − k)
(p1 · k +M2γ/2)m(p2 · k +M2γ/2)n
.
(6.5)
The results for these integrals in the limit Mγ = 0 can be
found in the Appendix of [9]. (We have checked these ex-
pressions.) Using the definition (6.5), the radiative decay
distribution (6.3) can be written as [9]
ργ(y, z) =
α
π
[
ρ(0)(y, z)I0(y, z;Mγ) +
G2F|Vus|2|f+|2MK
128π3
×
xmax∫
0
dx
∑
m,n
cm,nIm,n(pℓ, pK ; pK − pπ − pℓ, 0)
]
,
(6.6)
9where the infrared divergences are now confined to
I0(y, z;Mγ) =
xmax∫
M2
γ
dx
[
− 2pK · pℓI1,1(pℓ,−pK ; pK − pπ − pℓ;Mγ)
−M2KI0,2(pℓ,−pK ; pK − pπ − pℓ;Mγ)
−m2ℓI2,0(pℓ,−pK ; pK − pπ − pℓ;Mγ)
]
. (6.7)
The explicit form of the function I0 can be found in Eq.
(27) of [9]. The coefficients cm,n were given in Eq. (19) of
[9]. Note however the misprint for the values of c−1,0 and
c1,−2 (see Erratum of [9]). (We have also checked this list
of coefficients.)
The function ∆IR introduced in (4.7) can now be re-
lated to I0 by
∆IR(y, z) =
α
π
[
I0(y, z;Mγ) +
1
2
Γℓ(u,m
2
ℓ ,M
2
K ;Mγ)
]
,
(6.8)
where
Γℓ =
{
Γc +
4π
α f
EM-loop
+ for ℓ = e
Γc for ℓ = µ
. (6.9)
An analytic expression of the integral occurring in (6.6)
was given in Appendix B of [11] in terms of the quantities
Ui:
xmax∫
0
dx
∑
m,n
cm,nIm,n =
7∑
i=0
Ui. (6.10)
Note that the quantity J9(i) given in Eq. (A9) of [11]
(which is needed for the evaluation of U7) contains two
crucial mistakes: the plus-sign in the last line of (A9)
should be replaced by a minus-sign, and |βmaxi | at the
end of the first line of (A9) should simply read βmaxi . The
second error is irrelevant for ℓ = e but has disastrous con-
sequences in a certain part of the Dalitz plot for ℓ = µ. To
the best of our knowledge none of these errors has been
reported in an Erratum of [11].
The functions∆IBi introduced in (4.7) can now be writ-
ten as
∆IB1 =
2α
πM4K
7∑
i=0
Ui
∣∣∣
ξ=0
,
∆IB2 =
2α
πM4K
7∑
i=0
Ui
∣∣∣
ξ
,
∆IB3 =
2α
πM4K
7∑
i=0
Ui
∣∣∣
ξ2
, (6.11)
where the symbol ξ used in [11] stands for the ratio f−/f+.
7 Application to K+
e3
decay
In this section we provide an illustrative analysis of the
K+e3 decay with inclusion of isospin-breaking and radiative
corrections. The aim here is to illustrate how one might
proceed in order to extract |Vus| rather than to give final
numbers, which would anyhow still depend on the size of
the hitherto unknown two-loop strong interaction contri-
butions. Once they become known, these corrections could
then easily be incorporated into the analysis presented
here.
As usual we provide a linear expansion for the effective
form factor fK
+π0
+ (t), which reads:
fK
+π0
+ (t) = f
K+π0
+ (0)
[
1 +
t
M2π±
λ˜+
]
, (7.1)
with
fK
+π0
+ (0) = f˜+(0) + f
EM-loc
+ , (7.2)
and
λ˜+
M2π±
=
df˜+(t)
dt
∣∣∣∣
t=0
. (7.3)
Using the linear expansion for the form factor fK
+π0(t),
the decay rate
Γ (K+ → π0e+νe(γ)) :=
Γ (K+ → π0e+νe) + Γ (K+ → π0e+νeγ) (7.4)
can be expressed as
Γ (K+ → π0e+νe(γ)) =
N SEW(Mρ,MZ) |fK+π0+ (0)|2 I(λ˜+), (7.5)
where
I(λ˜+) =
∫
D
dy dz A1(y, z)
[
1 +
t
M2π±
λ˜+
]2
= a0 + a1 λ˜+ + a2 λ˜
2
+. (7.6)
In (7.5) we have pulled out the short distance enhance-
ment factor SEW(Mρ,MZ) from the low energy constant
Xr6 (µ) [see (2.26)].
In order to extract |Vus| we have to provide a theoret-
ical estimate of the form factor at t = 0 and the phase-
space integral.
7.1 Numerical estimate of fK
+π0
+ (0)
In our numerical analysis, we use the physical meson masses
[1]. We now describe the input used for the other quanti-
ties occurring in the form factor expansion.
For the mixing angle defined in (2.9), we are using [20]:
ε(2) = (1.061± 0.083)× 10−2 . (7.7)
The combination of coupling constants 3L7 + L
r
8(Mρ)
entering in (5.4) can be determined from two observables
[4]: the deviation from the Gell-Mann–Okubo Mass for-
mula,
∆GMO =
4M2K −M2π − 3M2η
M2η −M2π
, (7.8)
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which is well under control, and a quantity ∆M related to
the O(p4) contributions for the ratio
M2K
M2π
=
ms + m̂
2m̂
(1 +∆M). (7.9)
Combining Eqs. (10.10) and (10.11) of [4], one finds
3L7 + L
r
8(Mρ) =
F 20
{
− ∆GMO
24(M2η −M2π)
+
µη − µπ −∆M
32(M2K −M2π)
+
3M2ηµη +M
2
πµπ − 4M2KµK
12(M2η −M2π)2
}
, (7.10)
where
µP =
M2P
(4πF0)2
log
MP
Mρ
. (7.11)
Using
∆M = 0.065± 0.065 (7.12)
from Leutwyler’s analysis [20], (7.10) implies
3L7 + L
r
8(Mρ) = (−0.33± 0.08)× 10−3, (7.13)
with a relatively small error. (Allowing also for higher
order corrections one might prefer [21] a more generous
bound of, say, |∆M| ≤ 0.2 corresponding to 3L7+Lr8(Mρ) =
(−0.25± 0.25)× 10−3.)
The relevant combination of electromagnetic coupling
constants appearing in (5.5) has been estimated by Bij-
nens and Prades [22]. For our numerical analysis we add
here an error of the typical size 1/(4π)2 ≃ 6.3× 10−3:
K̂r(Mρ) := (−6K3 + 3K4 + 2K5 + 2K6)r(Mρ)
= (5.7± 6.3)× 10−3. (7.14)
In this way we find the following mesonic contributions to
the form factor:
f˜+(0) = 1.0002
(
1 + 0.0228 · ε
(2) − 1.06× 10−2
1.06× 10−2
+ 0.0055 · 3L7 + L
r
8(Mρ) + 0.33× 10−3
−0.33× 10−3
+ 0.0002 · K̂
r(Mρ)− 5.7× 10−3
5.7× 10−3
)
= 1.0002± 0.0018± 0.0013± 0.0002
= 1.0002± 0.0022. (7.15)
In the last line the three individual errors have been added
in quadrature. The main contribution to the final error
comes from the uncertainties in (7.7) and (7.13). The
electromagnetic contribution to π0 − η mixing, entering
through (5.5), has very little numerical impact on the cen-
tral value and the uncertainty.
For the coupling constant K12 entering in the purely
electromagnetic part (5.8) we use a value extracted from
the work of Moussallam [23]:
Kr12(Mρ) = (−4.0± 0.5)× 10−3. (7.16)
Table 1. Coefficients entering the phase space integral
a0 a1 a2
α = 0 0.09653 0.3337 0.4618
α 6= 0 0.09533 0.3287 0.4535
For the (unknown) “leptonic” constants we resort to the
usual bounds suggested by dimensional analysis:
|X1|, |X˜r6 (Mρ)| ≤ 6.3× 10−3. (7.17)
Eventually we find:
fEM-loc+ = 0.0032− 0.0007 ·
Kr12(Mρ) + 4× 10−3
−4× 10−3
− 0.0015 · X1
6.3× 10−3 − 0.0003 ·
X˜r6 (Mρ)
6.3× 10−3
= 0.0032± 0.0016. (7.18)
In this contribution, the sizeable relative uncertainty is
almost exclusively due to the poor present knowledge of
X1. Despite this, in the final result for f
K+π0
+ (0) this is an
effect of 0.16%.
Combining the results given above we obtain the final
value:
fK
+π0
+ (0) = 1.0034± 0.0027. (7.19)
7.2 The phase space factor
The theoretical prediction for the slope parameter is de-
termined by the size of the low-energy constant Lr9. With
Lr9(Mρ) = (6.9± 0.7)× 10−3 (7.20)
we find
λ˜+ = 0.0328 + 0.0321 · L
r
9(Mρ)− 6.9× 10−3
6.9× 10−3
= 0.0328± 0.0033. (7.21)
Here one can note the relatively large uncertainty induced
by Lr9(Mρ). This suggests to use the measured value for
the slope when evaluating the phase space integral.
The numerical coefficients a0,1,2 entering in the phase
space expression (7.6) are reported in Table 1. The num-
bers given here correspond to the specific prescription for
the treatment of real photons described in the previous
section: accept all pion and charged lepton energies within
the whole Ke3 Dalitz plot D and all kinematically allowed
values of the Lorentz invariant x defined in (6.2). (The
variable x determines the angle between the pion and lep-
ton momentum for given energies Eπ , Eℓ.)
The inclusion of radiative corrections in this channel
tends to give a negative shift to the phase space term.
Assuming λ˜+ = 0.030, and evaluating (7.6) with a0,1,2
corresponding to α 6= 0 and α = 0 (see Table 1), one can
check that radiative corrections induce in I(λ˜+) a negative
shift of 1.27%.
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7.3 Illustrative extraction of |Vus|
The Kobayashi–Maskawa matrix element |Vus| can be ex-
tracted from the Ke3 decay parameters by
|Vus| = 16 π
3/2 Γ (K+ → π0e+νe(γ))1/2
GF M
5/2
K± SEW(Mρ,MZ)
1/2 |fK+π0+ (0)| I(λ˜+)1/2
.
(7.22)
The application of this formula requires, of course, exper-
imental numbers for Γ (K+ → π0e+νe(γ)) and λ˜+ where
the emission of real photons has been taken into account
in accordance with the prescription given above. As such
a consistent treatment of the radiative corrections cannot
be guaranteed for all the experimental data included in
the present values [1] of the Ke3 decay parameters given
by the Particle Data Group (PDG), the following analysis
should only be regarded as a preliminary illustration of
the numerics. An up-to-date determination of |Vus| with
the highest possible precision will then be the task of fu-
ture high statistics Ke3 measurements, and will require
the consistent inclusion of O(p6) terms in the form factor.
Using [1]
Γ (K+ → π0e+νe(γ)) = (2.56± 0.03)× 10−15MeV,
λ˜+ = 0.0276± 0.0021 (7.23)
for the Ke3 parameters, SEW(Mρ,MZ) = 1.0232 for the
short-distance enhancement factor [7] (leading logarithmic
and QCD corrections included), and the O(p4) prediction
(7.19) for fK
+π0
+ (0), we find
|Vus| = 0.2173± 0.0013± 0.0008± 0.0006
= 0.2173± 0.0016, (7.24)
where the errors correspond to
∆|Vus| = |Vus|
(
±1
2
∆Γ
Γ
± 0.05 · ∆λ˜+
λ˜+
± ∆f+(0)
f+(0)
)
= |Vus|
(± 0.6%± 0.4%± 0.3%). (7.25)
So far, our numerical estimates were based on the the-
oretical result for the form factor up to O(p4) in the strong
part and to O(e2p2) for the electromagnetic contributions.
In the case of the pion scattering lengths, it has been
shown explicitly [24] that the strong interaction contribu-
tions of O(p6) are of comparable size to the electromag-
netic corrections. (See also [25] for a discussion of elec-
tromagnetic effects in neutral pion scattering.) A similar
feature can also be expected for the Kℓ3 decays. Although
a calculation of isospin conserving corrections of O(p6) is
under way [16], for the time being we have to be content
with the rough estimate [5]
fK
+π0
+
∣∣
p6
= −0.016± 0.008 (7.26)
given by Leutwyler and Roos already some years ago.
Adding4 (7.19) and (7.26), we obtain
fK
+π0
+ (0) = 0.9874± 0.0084, (7.27)
and, consequently,
|Vus| = 0.2207± 0.0013± 0.0008± 0.0019
= 0.2207± 0.0024, (7.28)
which is in agreement with the current PDG value [1],
|Vus| = 0.2196± 0.0023, (7.29)
taken from the analysis in [5].
On the other hand, the unitarity of the Kobayashi–
Maskawa mixing-matrix together with the present exper-
imental value [1] for |Vud| implies
|Vus| = 0.2287± 0.0034, (7.30)
indicating a possible problem for three-generation mixing.
Whether this discrepancy will survive once two-loop chiral
corrections are included remains to be seen. It is interest-
ing to notice that although these corrections would have
to be about twice the size of the estimate (7.26) in order
to maintain the unitarity of the CKM matrix, they still
would not be unnaturally large from the point of view of
the chiral expansion, and could be accounted for by O(m2s)
contributions [27].
8 Conclusions
In the present work, we have presented general formulae
for the Kℓ3 form factors at one loop in the presence of ra-
diative corrections. Two features induced by the electro-
magnetic interactions are worth noticing. First, the form
factors now depend not only on the momentum transfered
between the kaon and pion, but also on a second kinemat-
ical variable. Second, in addition to the usual electromag-
netic low energy constants (Ki’s of Ref. [12]), there are
contributions from four of the local countertermsXi intro-
duced in [15]. These counterterms are specific to semilep-
tonic processes of pseudoscalar mesons and renormalize
the ultraviolet divergences induced by the exchange of vir-
tual photons between charged mesons and leptons.
Loops with virtual photons generate also infrared di-
vergences. In order to deal with them, we have analysed
the associated real photon emission processes. We have
given a general description of the changes induced in the
Dalitz plot density, and have proposed a model-independent
procedure for including radiative corrections in the data
analysis. This consists in incorporating the known long-
distance electromagnetic effects into generalized kinemat-
ical densities, while including all the structure dependent
(UV sensitive) terms as corrections to the form factors.
4 Also the input parameters in the strong O(p4) part of the
form factor will receive appropriate shifts [26] in a complete
and consistent analysis of O(p6) effects.
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Details of the new kinematical densities will depend even-
tually on the way the specific experimental set-up deals
with real photon emission. For a quite generic set-up con-
figuration (see Sect. 6), we have rederived explicit expres-
sions for K+e3 mode, correcting some mistakes in earlier
work [11].
Within this framework, we have studied the effect of
radiative corrections in the extraction of the CKM matrix
element |Vus| from the K+e3 mode. As compared to the
pure O(p4) form factors [2], the inclusion of O(e2p2) elec-
tromagnetic contributions shifts f+(0) by about (0.36 ±
0.16)%. Moreover, the radiative corrections produce an
effective reduction of -1.27% for the phase space integral.
We note here that the uncertainty on the form factor up
to O(p4, e2p2) is well under control, and it affects the ex-
traction of |Vus| only marginally compared to present ex-
perimental errors. This feature persists in the case of K0e3
mode (not analysed numerically in this work), where the
hadronic uncertainties are even less effective. We think
this is a relevant result of our analysis, opening the road
to a precision determination of |Vus|, for which the next
two important ingredients are:
– From the theoretical side: the inclusion of two-loop
chiral corrections.
– From the experimental side: a new high statistics mea-
surement of branching ratios and slope parameters, in-
cluding radiative corrections in the model-independent
way outlined in this work.
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A Mesonic Loop Functions
The loop function HPQ(t) [2,4] is given by
HPQ(t) =
1
F 2
[
hrPQ(t, µ) +
2
3
tLr9(µ)
]
, (A.1)
where
hrPQ(t, µ) =
1
12t
λ(t,M2P ,M
2
Q) J¯PQ(t)
+
1
18(4π)2
(t− 3ΣPQ)
− 1
12
{
2ΣPQ − t
∆PQ
[AP (µ)−AQ(µ)]
− 2[AP (µ) +AQ(µ)]
}
, (A.2)
with
λ(x, y, z) = x2 + y2 + z2 − 2(xy + xz + yz), (A.3)
ΣPQ =M
2
P +M
2
Q , ∆PQ =M
2
P −M2Q, (A.4)
AP (µ) = − M
2
P
(4π)2
log
M2P
µ2
, (A.5)
and
J¯PQ(t) =
1
32π2
[
2 +
∆PQ
t
log
M2Q
M2P
− ΣPQ
∆PQ
log
M2Q
M2P
− λ
1/2(t,M2P ,M
2
Q)
t
× log
(
[t+ λ1/2(t,M2P ,M
2
Q)]
2 −∆2PQ
[t− λ1/2(t,M2P ,M2Q)]2 −∆2PQ
)]
. (A.6)
Moreover, in the expansion of the form factors f˜−(t), one
needs the function:
KPQ(t) =
∆PQ
2t
J¯PQ(t) . (A.7)
B Photonic Loop Functions
The photonic loop contributions to the Kℓ3 form factors
depend on the charged lepton and meson masses m2ℓ , M
2,
as well as on the Mandelstam variables u = (pK−pℓ)2 (for
K+ℓ3 decays) and s = (pπ + pℓ)
2 (for K0ℓ3 decays). In what
follows we denote by v the Mandelstam variable appropri-
ate to each decay. In order to express the loop functions
in a compact way, it is useful to define the following inter-
mediate variables:
R =
m2ℓ
M2
, Y = 1+R− v
M2
, X =
Y −√Y 2 − 4R
2
√
R
. (B.1)
In terms of such variables and of the dilogarithm
Li2(x) = −
∫ 1
0
dt
t
log(1 − xt), (B.2)
the functions contributing to Γc(v,m
2
ℓ ,M
2;Mγ) and
f
EM-loop
± (v) are given by
C(v,m2ℓ ,M2) =
1
mℓM
X
1−X2
×
[
−1
2
log2X + 2 logX log(1−X2)− π
2
6
+
1
8
log2R
+ Li2(X
2) + Li2(1− X√
R
) + Li2(1−X
√
R)
]
,
(B.3)
Γ1(v,m
2
ℓ ,M
2) =
1
2
[
− lnR + (4 − 3Y )F(v,m2ℓ ,M2)
]
Γ2(v,m
2
ℓ ,M
2) =
1
2
(
1− m
2
ℓ
u
)[
−F(v,m2ℓ ,M2)(1 −R)
+ lnR
]
− 1
2
(3 − Y )F(v,m2ℓ ,M2) , (B.4)
and
F(v,m2ℓ ,M2) =
2√
R
X
1−X2 lnX . (B.5)
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C Coefficients entering f˜K
+pi0
−
and f˜K
0pi−
−
In this section we report the coefficients aPQ(t), bPQ(t),
cPQ(t), and dPQ(t), appearing in the expressionf of f˜
K+π0
−
and f˜K
0π−
− (Eqs. (5.7) and (5.12) ).
aK+π0(t) =
2M2K + 2M
2
π − t
4F 20
+
(
ε(2)√
3
) −2M2K + 22M2π − 9t
4F 20
+ 4παZ,
aK0π−(t) =
−2M2K − 2M2π + 3t
2F 20
+
(
ε(2)√
3
) −2M2K + 6M2π − 3t
2F 20
− 16παZ,
aK+η(t) =
2M2K + 2M
2
π − 3t
4F 20
+
(
ε(2)√
3
)
6M2K − 2M2π − 3t
4F 20
+ 12παZ.
(C.1)
bK+π0(t) = −M
2
K −M2π
2F 20
−
(
7ε(2)
2
√
3
)
M2K −M2π
F 20
− 4παZ,
bK0π−(t) = −M
2
K −M2π
F 20
−
(
ε(2)√
3
)
M2K −M2π
F 20
− 8παZ,
bK+η(t) = −32
M2K −M2π
F 20
+
(√
3 ε(2)
2
)
M2K −M2π
F 20
− 12παZ. (C.2)
cK+π0(t) = −2M
2
K + 2M
2
π − 3t
4F 20
+
(
ε(2)√
3
) −4M2K + 3t
2F 20
− 8παZ,
cK0π−(t) =
t
2F 20
,
cK+η(t) =
2M2K + 2M
2
π − 3t
4F 20
+
(
ε(2)√
3
)
4M2K − 3t
2F 20
.
(C.3)
dK+π0(t) = −M
2
K −M2π
2F 20
−
(
4 ε(2)√
3
)
M2K −M2π
F 20
+ 4παZ,
dK0π−(t) = −M
2
K −M2π
F 20
−
(
2 ε(2)√
3
)
M2K −M2π
F 20
+ 8παZ,
dK+η(t) = −32
M2K −M2π
F 20
+ 12παZ. (C.4)
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